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Qi,Ki,Vi, i = 1, · · · , NH , and then the output H̃ across all heads is calculated as:75

H̃i = softmax

(
QiK

→
i→

FK
+ P

)
Vi, H̃ = (H̃1↑ · · · ↑H̃NH

)WO, (2)

where ·↑· denotes the matrix concatenation operation. The projection dimension is usually set as76

FK = FV = F/NH . Beside the representation H , positional encoding (PE) P in Eq. (2) can also77

incorporate graph topology into the GT attention module by encoding pair-wise information. Typical78

encoding approaches include graph proximity [2, 13, 19], Laplacian eigenvectors [20, 21, 4], and79

shortest path distance [18, 22, 23].80

Scalable GT and Training Schemes. The majority of vanilla GTs [20, 2, 3] are typically proposed81

for graph-level learning tasks on small graphs with full-batch training (FB). This is relevant to their82

quadratic complexity as revealed by Table 1, that the critical scalability bottleneck lies in Eq. (2) by83

representing n nodes with O(n2
F ) time and memory overhead.84

To mitigate the quadratic complexity and foster scalable learning, scalable GTs employ mini-batch85

training, which replaces the full representation H with batches containing nb nodes and reduces86

memory complexity to O(n2
bF ). Kernal-based GTs [6, 7, 8, 12] generate batches by neighborhood87

sampling (NS) and utilize graph kernels, i.e., functions modeling node-pair relations, for attention88

computation to exploit edge connections. Typically, they necessitate iterative processing of graph data89

with O(LmF ) complexity throughout learning. When the graph scale is large, this term becomes90

dominant since the edge size m is significantly larger than the node size n. Hence, we argue that such91

a design is not sufficiently scalable.92

Alternatively, hierarchical GTs exploit the power of GTs to learn node relations by embedding node-93

level identity through the input data X . Its core design is crafting an effective embedding scheme94

to comply with GT expressivity. Since the graph topology is embedded in an permutation-invariant95

manner, mini-batching can be performed through random sampling (RS). The model can enjoy96

better scalability if the graph processing is fully independent of GT attention. Ideally, hierarchical97

GTs can process graph topology in O(m) complexity in precomputation and employ RS during98

training for better scalability. Nonetheless, we note that existing models, except for NAGphormer and99

PolyFormer, still involve graph-level operations during training as in Table 1, which hinders GPU100

utilization and causes additional overhead. A thorough analysis of the related models can be found in101

Appendix B.102

3 Motivating Study103

Motivation 1: Graph hierarchy beyond adjacency. The expressiveness of GTs mainly stems104

from the full-graph attention formulated in Eq. (2), which captures critical node pairs in the graph105

topology to learn node representations [2, 6]. However, since the mini-batch scheme replaces it106

with in-batch attention, its capability is potentially hindered. To compensate the information loss,107

scalable GTs usually invoke more powerful embedding and encoding techniques, enhancing the108

global graph view for more candidate nodes by expanding the receptive field. In canonical mini-batch109

GT models [2, 6, 7, 9], the graph information is typically derived from the graph adjacency A, which110

symbolizes neighborhood information E . For both kernel-based and hierarchical GT variants, their111

expressiveness in distinguishing different graph structures is characterized by the substructure used112

in attention tokens [23].113

However, recent advances in message-passing GNNs reveal that, the adjacency alone is insufficient114

for retrieving topological information in graph learning [24]. In complicated scenarios such as115

heterophilous graphs, the local graph topology may be ambiguous or even misleading [25, 26, 27].116

To illustrate, Figure 1 shows the distribution of node neighbors considering their classification labels117

depicted by the homophily score [28]. A lower homophily score implies high heterophily, where less118

neighbors share the same label with the ego node. On graphs such as CHAMELEON and SQUIRREL, a119

large portion of nodes exhibits zero homophily, indicating that substructures depending on graph120

edges E barely include neighbors with the same label for GT to attend.121

We are thence motivated to improve GT by augmenting the existing graph connections E to an122

extended edge set Ê containing additional node interactions beyond the neighborhood. As shown123

in Figure 1, establishing more edges enhances nodes of lower scores with more homophilous124

connections, effectively addressing the zero-homophily issue. Therefore, encompassing both local125
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optimizer is used with a learning rate of 10→4. The model is trained with 300 epochs with early
stopping. Since baseline GTs employ different batching strategies, it is difficult to unify the batch size
across all models. We set the batch size to the largest value in the available range without incurring
out of memory exception on our 24GB GPU, intending for a fair efficiency evaluation considering
both learning speed and space.

Evaluation Metrics. We use ROC AUC as the efficacy metric on TOLOKERS and classification
accuracy on the other datasets. For efficiency evaluation, we notice that there is limited consensus
due to the great variety in GT training schemes. Therefore, we attempt to employ a comprehensive
evaluation considering processing times of different learning phases for a fair comparison. Model
speed is represented by the average training time per epoch and the inference time on the testing set.
For models with graph precomputation, the time for this process is separately recorded.

D Additional Experiments

D.1 Empirical Observations

Visualization of Layer-wise Attention Bias. Corresponding to Figure 2, Figure 6 presents the PE
bias matrices P [u, v] = f

(L)
B (Br[u, v]) of the same SPD matrix B learned by all layers L in the GT

model. The encodings are able to exhibit distinct values throughout GT layers, signifying the shift
of receptive fields for the in-batch attention to nodes in different distances: in initial layers, node
identities are highlighted; in higher layers, clusters of similar neighbors are captured.
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Figure 6: SPD PE as attention bias in different GT layers on CITESEER.

Visualization of Graph Structures. An exemplary illustration of 4 small graphs is displayed in
Figure 7. The original CHAMELEON graph is heterophilous, i.e., connected nodes frequently belong to
distinct classes. In Figure 7(e), different classes are mixed in graph clusters, which pose a challenge
for GTs to perform classification based on edge connections. In contrast, nodes in the graph marked

Table 4: Statistics of graph datasets. f and Nc are the numbers of input attributes and label classes,
respectively. “Train” is the portion of training set w.r.t. labeled nodes.

Heterophily Dataset Nodes n Edges m F Nc Train

Homophily

CORA 2, 708 10, 556 1433 7 60%
CITESEER 3, 279 9, 104 3703 6 60%
PUBMED 19, 717 88, 648 500 3 60%
PHYSICS 34, 493 495, 924 8415 5 60%

OGBN-ARXIV 169, 343 2, 315, 598 128 40 54%
REDDIT 232, 965 114, 615, 892 602 41 60%

OGBN-MAG 736, 389 10, 792, 672 128 349 85%

Heterophily

CHAMELEON 890 17, 708 2325 5 60%
SQUIRREL 2, 223 93, 996 2089 5 60%
TOLOKERS 11, 758 1, 038, 000 10 2 60%

PENN94 41, 554 2, 724, 458 4814 2 60%
GENIUS 421, 961 1, 845, 736 12 2 60%

TWITCH-GAMER 168, 114 13, 595, 114 7 2 60%
POKEC 1, 632, 803 30, 622, 564 65 2 60%
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Ĝ

NO Edge for (5, 6) Input Graph

①

Preserve raw edges

②

New edges to hubs

③

Restrain non-hub nodes

Raw Graph

• Heterophilous edges

• Mixed cluster

Node Labels
• Natural clusters

• Dense hub connection

Not scalable to large m and n Insufficient memory

Table 1: Complexity analysis on GT models. “Precomputation” and “training time” represent the complexity of
one-time processing and iterative forward-passing computation, respectively. “RAM” and “GPU memory” indicate
the sizes of overall data and variable representations during learning. Data “scale” is represented by the largest graph
node size n and edge size m used in the original papers.

Taxonomy Model Precompute Time Train Time RAM Mem. GPU Mem. Scale
Vanilla
(FB)

Graphormer [2] O(n3) O(Ln2
F ) O(n2) O(Ln2

F ) 0.3K/0.6K
GRPE [18] O(n2) O(Ln2

F ) O(n2) O(Ln2
F ) 0.3K/0.6K

Kernel-
based
(NS)

GraphGPS [7] O(n3) O(LnF 2 + LmF ) O(nF + n
2) O(LnbF + m) 1.0K/3.0K

Exphormer [19] O(dn) O(LnF 2 + LmF ) O(nF + m) O(LnbF + m) 0.2M/1.2M
NodeFormer [6] – O(LnF 2 + LmF ) O(nF + m) O(LnbF + m) 2.4M/60M
DIFFormer [8] – O(LnF 2 + LmF ) O(nF + m) O(LnbF + m) 1.6M/40M

PolyNormer [12] – O(LnF 2 + LmF ) O(nF + m) O(LnbF + m) 2.4M/0.1B

Hierar-
chical
(RS)

NAGphormer [9] O(LmF0) O(LnF 2) O(LnF ) O(LnbF
2) 2.4M/60M

PolyFormer [11] O(LmF0) O(LnF 2) O(LnF ) O(LnbF
2) 0.2M/30M

ANS-GT [13] O(ns2 + md
L) O(LnF 2 + Lns

2
F + Lm) O(nF + ns

2 + md
L) O(LnbF + nbs

2) 20K/0.2M
GOAT [10] O(nF ) O(LnF 2 + LmF ) O(nF + m) O(Ln2

b + LnbF + m) 2.9M/0.1B
HSGT [14] O(n + md

L) O(LnF 2 + LmF ) O(nF + md
L) O(Ln2

b + LnbF + Lm) 2.4M/0.1B
HubGT (ours) O(ns3 + ms) O(LnF 2 + Lns

2
F ) O(nF + ns

2) O(LnbF + nbs
2) 1.6M/0.1B

Notations: L and F are model depth and width, respectively. d = m/n is the average degree of the graph. s is the sample size for subgraph-based methods.

hierarchical graph coarsening [13, 14]. However, we identify two major drawbacks of existing
scalable GTs: in terms of efficacy, most models primarily concentrate on local topology, which is
highly diluted in large graphs and undermines GT expressivity in capturing global information; in
terms of efficiency, graph-scale operations still persist throughout their training iterations, and the
computational overhead substantially increases as the graphs become larger.

In this work, we specifically target the above two challenges brought by scalability. We propose
HubGT, a scalable Graph Transformer exploiting the hub labeling technique to produce rich hierar-
chical graph information with efficient computation. HubGT is inspired by the well-studied concept
of graph labeling, which identifies important hubs in the graph structure and imparts fast computation
of the shortest path distance (SPD) for node pairs [15, 16, 17]. We innovatively introduce the graph
label hierarchy to enhance GT capability by establishing global connections to influential graph hubs,
which is shown to provide a more inclusive receptive field than the conventional adjacency-based
scheme. To further represent node-pair interactions, HubGT is the pioneering work to employ SPD
as positional encoding for large-scale GTs, which is only practicable under its efficient calculation.
The expressive representations empower HubGT to capture graph knowledge beyond edges and excel
in complex graph data patterns ranging from homophily to heterophily.

Then, to address the efficiency issue, we design a three-level index for computing and storing the
graph data, where the dedicated computation process and acquired graph labels share the same
hierarchy, comprising of both local edges and global hubs. The indexing process can be fully
decoupled as precomputation with O(m) overhead from the iterative training. Then, querying SPD
on the index can be performed in only O(1) time, rendering HubGT learning as simple as training
normal Transformers under O(n) complexity without interweaving graph topology, where m and n

are the numbers of graph edges and nodes, respectively. Both precomputation and training of HubGT
achieve theoretical complexities on par with the respective state-of-the-art GTs and are significantly
faster in practice thanks to the simplicity of our graph representation based on hub labeling. We
summarize the contributions of this work as follows:

• We propose HubGT as an efficient Graph Transformer with novel hierarchical sampling based on
the hub labels, effectively embedding local and global graph topology. We also enable the powerful
SPD positional encoding on large-scale graphs.
• We design a hierarchical index dedicated to HubGT graph processing, featuring construction under
linear complexity and O(1) query overhead. The decoupled precomputation and simple training
contribute to fast and scalable mini-batch GT training.
• We conduct comprehensive experiments to evaluate the effectiveness and efficiency of HubGT
on up to million-scale graphs. HubGT achieves top-tier accuracy and demonstrates competitive
scalability, especially demonstrating the fastest inference speed.

2 Preliminaries and Related works

Graph Transformer and Positional Encoding. Consider a graph G = →V, E↑ with n = |V| nodes
and m = |E| edges. The graph adjacency matrix is A and average degree is d = m/n. The node
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